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Abstract 

Employing a thermodynamic interpretation of gravity based on the holographic principle and 
assuming underlying particle statistics, fermionic or bosonic, for the excitations of the holographic 
screen leads to Modified Newtonian Dynamics (MOND). A connection between the acceleration 
scale ao appearing in MOND and the Fermi energy of the holographic fermionic degrees of free- 
dom is obtained. In this formulation the physics of MOND results from the quantum-classical 
crossover in the fermionic specific heat. However, due to the dimensionality of the screen, the 
formalism is general and applies to two dimensional bosonic excitations as well. It is shown that 
replacing the assumption of the equipartition of energy on the holographic screen by a standard 
quantum-statistical- mechanics description wherein some of the degrees of freedom are frozen out at 
low temperatures is the physical basis for the MOND interpolating function \x. The interpolating 
function \x is calculated within the statistical mechanical formalism and compared to the leading 
phenomenological interpolating functions, most commonly used. Based on the statistical mechani- 
cal view of MOND, its cosmological implications are re-interpreted: the connection between ao and 
the Hubble constant is described as a quantum uncertainty relation; and the relationship between 
ao and the cosmological constant is better understood physically. 
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I. INTRODUCTION 



The connection between gravity and thermodynamics was first noted in the pioneering 
works of Bekenstein 1| and Hawking Q on black hole thermodynamics. Later on the idea 
was further expanded by Unruh ^| who identified the connection between acceleration and 
temperature, demonstrating that an accelerating observer will observe a black-body radia- 
tion whose temperature would be proportional to his acceleration. Employing these ideas 
and turning the line of argument around, Jacobson [4] derived the Einstein field equations 
from the laws of thermodynamics, based on the assumption that the proportionality between 
area and entropy, derived by Bekenstein for black holes, is universal. Similar results were 

n n 

also obtained by Padmanabhan in a series of works reviewed in [5|. Verlinde [6j introduced 
the idea that Newton's law of gravitation can be understood as an entropic force, basing 
this result on the holographic approach and the thermodynamical formulation of gravity; 
similar ideas were also presented by Padmanabhan Q. 

On the other hand, seemingly unrelated to the thermodynamic interpretation of grav- 
ity, gravitational theory is faced with observational challenges. Observational discrepancies 
between the observed mass in a galaxy and its galactic rotation curves and large velocities 
in galaxy clusters are already long standing problems. Attempts to solve this observational 
puzzle have resulted in the introduction of "Dark Matter" as well as alternative gravity 
theories such as Modified Newtonian Dynamics (MOND) [8|. In the late 1990's, a second 
cloud appeared in the horizon, when observations of distant red shift relations indicated 
that the expansion of the universe is accelerating [9j, implying a positive cosmological con- 
stant A. The idea of a cosmological constant was first introduced by Einstein himself, as it 
appears naturally in his field equations. However problems arise when considering its ob- 
served physical value and the attempt to connect it with the quantum mechanical vacuum 
energy. MOND, introduced ad hoc to solve discrepancies on the galactic scale, has also had 
success in explaining observations regarding superclusters [l0|. However it seemed to have 
no cosmological predictions. It is thus surprising to find out that the acceleration scale ao 
introduced into MOND to phenomenologically explain the observed galaxy rotation curves, 
is related to the value of the Hubble constant, H , through the relationship (a /2ii) m cH 
11] and to the cosmological constant as well (ao) ~ c(A/3) 1//2 /27r l^ . 



These seemingly unconnected views of gravity, i.e. MOND and the thermodynamic ap- 
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proach are nevertheless interlinked, and obtaining an underlying microscopic theory for them 
will help explain the cosmological aspects of MOND. From the thermodynamic representa- 
tion of gravity it seems natural to relate the constant do, having dimensions of acceleration, 
to a temperature via the Unruh relationship, resulting in a temperature scale. Based on 
Verlinde's idea of gravity being an entropic force, several attempts have been recently made 
to obtain MOND by considering some of the degrees of freedom on the holographic screen to 



be frozen out. In 



131 ] MOND was obtained by considering a one dimensional Debye model 



for the excitations on the holographic screen thus restricting the excited degrees of freedom 



at low temperatures, whereas 



14| considered collective excitations on the holographic screen 



thus obtaining MOND. MOND was also obtained by considering a minimal temperature on 
the holographic screen [15] and relating it to do- In 16] a non-homogenous cooling of the 
holographic screen was considered resulting from a phase transition occurring at a criti- 
cal temperature; under this assumption a modified Friedmann equation compatible with 
MOND theory was also obtained. This work was followed and extended by [l3] in which en- 
tropic corrections to the theory where considered. The work in 18j should also be noted for 
obtaining MOND through entropic volume corrections to Newton's law. The present work 
simply assumes that degrees of freedom on the holographic screen should be treated through 
the quantum-statistical-mechanics formalism; following this assumption we not only obtain 
MOND but we are able to calculate its interpolating function fx and compare it to leading 
phenomenological expressions which are based on astronomical data. 

In Sec. [Til Verlinde's thermodynamic formulation of gravitation is briefly described. In 
Sec. IIHI a modification to Verlinde's theory is introduced by replacing the equipartition rule 
for excitations on the holographic screen, by the quantum statistical mechanical expression 
for the energy of a fermionic or bosonic two dimensional gas. Via this replacement MOND is 
obtained and the connection of the MOND interpolating function jl to the two dimensional 
specific heat is established. The obtained interpolating function is then compared to the 
MOND phenomenological interpolating functions. Cosmological implications of the statisti- 
cal mechanical interpretation of do are described in Sec. HVl A short summary is then given 
in Sec. [Vj 
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II. A FORMULATION OF THE THERMODYNAMIC THEORY OF GRAVITY 



The connection between gravity and thermodynamics has been greatly developed by Pad- 

manabhan {t| and Verlinde [6] . In this section we choose to describe this connection through 

a formulation introduced by Verlinde. We start by briefly introducing this formulation fol- 

n 

lowing section 3 of his paper |6|, which is based on four well known essential equations from 
which one obtains Newtonian gravity theory. 

Consider a point mass, M, surrounded by a spherical holographic screen of radius R. 
Thermodynamics on the holographic screen is connected to gravitation by applying two 
equations. The first is the Unruh relation between the temperature, T and the acceleration 
a of an observer at the screen, 

^ I ha , 
^ = - T , (2.1) 

where c is the speed of light and ks is Boltzmann's constant. For simplicity of notation we 
shall use energy units such that ks = 1- The second relationship is the relation obtained by 
Bekenstein for the number of bits or degrees of freedom, N, on the Horizion of a Black hole, 
which Verlinde extends to the holographic screen, 

Ar 3 

where A is the area of the holographic screen and G is Newton's gravitational constant. 
The two remaining equations needed to complete the model are Einstein's mass, energy, E, 
relation 

E = Mc 2 (2.3) 
and the thermodynamic equipartition rule 

E = ^NT. (2.4) 

It should be noted that in this approach it is the gravitational energy of Eq. (12. 3p which is 
related to thermal excitations on the holographic screen. 

Combining these four equations (12.lti2.4j) . and expressing the holographic screen area by 
its radius, A = 4nR 2 , one directly obtains Newton's law of gravitation, 

GM , . 
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III. QUANTUM STATISTICAL EXTENSION 



In this section we extend Verlinde's model, introduced in the previous section, by consid- 
ering the quantum particle statistics of the bits on the holographic screen. The equipartition 
rule described in Eq. (12 .4p is considered as the Dulong Petite law, valid for the high temper- 
ature limit, which needs to be modified at lower temperatures due to the underlying particle 
statistics. It will be shown that considering the quantum statistical nature of the excitations 
on the holographic screen leads to MOND (for a recent review of MOND theory see [3]). 



A. The physical interpretation of ao in terms of Fermionic excitations 

We start by considering fermionic excitations, on the holographic screen. In defining the 
particle statistics of fermions one needs to introduce an energy scale, the Fermi energy Ep, 
which distinguishes between excited thermal states and states which are "frozen out". In the 
case of fermionic excitations of the holographic screen, this energy scale will be related to ao- 
In Verlinde's thermodynamic gravitational formulation, gravitational effects are related only 
to the thermal excitations of the holographic screen, as can be deduced from the equipartition 
rule (12 .4p . Thus in considering gravitational effects the systems ground state energy should 
be ignored and one should consider only thermal excitations. 

We begin by calculating the energy E to t, of an excited two dimensional fermionic system 
due to the heating of the system to a temperature T, and use the expression obtained to 
replace the equipartition relation (12.41) . The energy of the two dimensional Fermi gas is 

obtained by calculating the following integral [20], 

_ gAm f°° ede 
Etot -2^J e W [(e-^)/T] + V ^ 

where, g — 2s+ 1, s is the spin of the particle, m, is its mass, and [i is the chemical potential. 
The energy was denoted as E tot to distinguish it from the energy appearing in Eqs. (12.31 
I2.4p . which is the gravitational energy related only to thermal excitations. Calculating the 
integral to second order in the temperature one obtains 

E tot = E + y ~^T\ (3.2) 

The number of particles in the system, is given by 

_ gAm f°° de 
Npar ~2^J exp[(e-MT\+V (3 ' 3) 
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In our derivation we consider the particle number, iVp ttn to be the free variable whereas \x is 
determined through Eq. (13. 3p . In the zero temperature limit T = 0, one obtains 

K. = f^ E - < 3 - 4 > 

where Ep is the system's Fermi energy. Finite temperature corrections to the particle 
number are exponentially small in T/Ep. We can now express the system's thermal energy, 
E = E tot — Eq, in terms of the temperature, the particle number and the Fermi energy, 

T 2 N° 7T 2 

E--^-. (3.5) 

The above expression for the thermal energy replaces the equipartition relation ( 12. jj) . 

Employing Eq. (13. 5p . we follow Verlinde's steps using the three remaining equations 
(I2.m2.3p and some algebraic manipulations to obtain MOND. We start by obtaining an 
expression for the temperature squared, 



6Mc 2 E F 

= -ww (3 - 6) 

par 

Relating the temperature to the acceleration through the Unruh formula (12. ip . we obtain 

o2 = 



N = (O C 

par o/^ffc - \ 



par 

In two dimensions N par = N/2 where N is the number of degrees of freedom and is equal to 

the number of Planck cells on the holographic screen. Thus 

Ac 3 
2Gh' 

The area of the screen is given by A = 47rR 2 . Eq. (13. 7p is very similar to the MOND 
equation in the deep MOND limit 

The MOND equation ( 13. 9p is obtained, employing equation Eq. ( 13.8D and identifying ao as 

12c 

a = ~~z Ep. 3.10 

rvn 

The Fermi energy defines an energy scale, relating it to an acceleration scale the same 
way temperature is transformed, Eq. (12. ip we define Ep = (h/2ir)(Ep/c) and obtain 

a = ^y, (3.11) 
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where b = 7r 2 /6. It should be noted that the Newtonian limit for Eq. (I3.9P is obtained 
at the high temperature (acceleration) limit since the Maxwell-Boltzmann statistics is the 
high temperature limit of the Fermi, Bose statistics. When T » Ep the fermionic particle 
distribution in Eq. ( 13 .ip goes to the Maxwell-Boltzmann limit and the limit is independent 
of Ep i.e. a . 



B. The interpolating function fl 

Regarding the physical interpretation of Eq. (13. lip which relates a to Ep, it should be 
noted that since the Fermi energy is related to the density of the particles, ao can also be 
viewed as a constant inter-particle distance on the holographic screen. We obtained the above 
correspondence for ao by introducing fermionic degrees of freedom on the holographic screen 
and considering the deep MOND regime, i.e., very low accelerations, a << ao- The high 
temperature regime was shown to correspond to the Newtonian limit. In the intermediate 
regime MOND is characterized by an interpolating function fx which defines the MOND 
formula ajx{\a\/ao) = — V$. The asymptotic behavior of the function fl(x);x = a/ao, in the 
low acceleration regime x — > is jl(x) = x corresponding to the deep MOND limit, and in the 
high acceleration limit £l(x) = 1, defining the Newtonian limit described above. Whereas in 
MOND the interpolating function is obtained phenomenologically from astronomical data, 
we can use our statistical mechanical interpretation in terms of the underlying fermionic 
degrees of freedom to obtain fi{x) in the intermediate regime. We start by expressing p,(x) 
in MOND as the following ratio 



GM\ 



I a = //(a/ao). (3-12) 



Employing eqs. 02.ip .f l2l?]) and (I2.3P we can write the above ratio as 

E 



N T 

1 ' par ± 



fi(a/ao). (3.13) 



E can be calculated from Eq. ( 13. ip under the constraint of a fixed particle number given 
by Eq. (13. 3p . Subtracting from the result the ground state energy one obtains the thermal 
energy, E. We have performed this calculation numerically and the result is expressed in Fig. 
f|T]) by the continuous line. As expected the function crosses over from a linear dependence 
for small a (low temperatures) to a 1 — c/a dependence for large a (high temperature). 
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The result is compared with two leading phenomenological expressions for the MOND Jj, 

function, Jj — x/(l + x), known as the "simple" /i-function which is expressed in the figure 

/ J L 

as a dot-dashed line and \i = x/y (1 + x 2 ), which is also commonly used [19j, known as 

the "standard" interpolating function, designated in the figure by the dotted line. Both 
interpolating functions belong to the n— family of interpolating functions Jx — x/(l + x n ) 1//n , 
where the n = 1 describes the "simple" interpolating function and the n = 2 the "standard" 
interpolating function. It should however be noted that these MOND interpolating functions 
are put in by hand, whereas the function in Eq. (13 . 13[) is a result of physical considerations. 

The data on galaxy rotation curves is becoming more and more restrictive regarding which 
functions can be considered as reasonable interpolating functions. Nowadays the data seem 
to favor the "simple", n = 1 interpolating function or some interpolation between n = 1 to 



19]. The thermodynamic interpolating function 



the "standard" interpolating function n = 2 
we have calculated seems to do exactly that. 

It should be noted that the same calculation for the thermal energy E performed nu- 
merically to obtain Jx in Eq. (13. 131) can be performed analytically, and the result can be 
expressed in terms of the dilog function Li 2 (y) 

E = -^{T 2 Li 2 {-e^ T ) + ^f] (3.14) 
Ep I 

where N® ar and Ep are given in Eq.f l3.4p and /i is defined through Eq. (13.31) . Thus an 
analytical expression can be given for the Ji[x) MOND interpolation function 

fta/ao) = - — [(^) 2 Li 2 (-e^ a ) + a 2 ], (3.15) 

where Jj = (h/27i)(Jl/c) is the chemical potential related to an acceleration scale the same 
way temperature is transformed, Eq. (12.11) . The MOND interpolating function, ft, in the 
thermodynamic interpretation is simply the thermal energy divided by the total number 
of excitations times the temperature, thus it can be viewed as the relative number of the 
thermal excitations. 

In the low temperature limit jj, can be connected to the specific heat for the two di- 
mensional fermionic gas. To demonstrate this connection we compare the thermal energy 
to E — Mc 2 but in this case we do not estimate the integral as was done in Eq. (13.21) . 
instead to obtain the thermal energy we use the specific heat integrating it up to a given 



S 



temperature 



dT'C v {-!—) = Mc 2 



(3.16) 



where the partial derivative was replaced by the specific heat Cy = (dE/dT)y. The lowest 
order term corresponding to the zero temperature case, the ground state energy being irrel- 
evant, we are left with the leading order expression. Since for low temperatures the specific 
heat is linear in the temperature we can obtain E in terms of the low temperature specific 
heat, thus 



From Eq. (13.131) we identify jx in the MOND equation with the specific heat, divided by the 
temperature times the number of degrees of freedom, obtaining the following relation 




(3.18) 



The physical interpretation of Eq. (13.181) is straight-forward: applying a force to a body, 
in trying to accelerate the body we are also attempting to heat degrees of freedom on the 
holographic screen, our ability to do so is given by the specific heat of the screen. However, 
the physical basis for MOND is revealed in Eq. ( 13. 13[) . which shows that the interpolating 
MOND function ft is essentially the relative number of thermal excitations since it is given 
by the ratio of the thermal excitation energy divided by the high temperature thermal 
excitation energy, where in this limit each degree of freedom gets an energy of T/2. 

In the high temperature limit the physics does not depend on the quantum nature of 
excitations. Rather each excited degree of freedom receives an energy of T/2 as defined 
by the equipartition rule. In this limit we can simply follow Verlinde's formulation and 
obtain Newtonian dynamics. The Newtonian limit in the formulation of MOND obtained 
by taking the limit ao — > 0, has a simple physical meaning, in the formulation of MOND 
via the specific heat, Eq. ( 13 . 18[) the Newtonian limit results directly from the Dulong 
Petite law. Even though the high temperature limit is governed by the Dulong Petite law 
obtaining the first asymptotic correction to jl in the high temperature limit T > T Q is 
not straightforward, jl is proportional to the ratio between the thermal energy and the 
temperature ( 13 .131) in the Dulong Petite law the energy is linear in temperature however 
there is also a temperature independent part to the energy as can be deduced from Eq. 
(13. 14ft ; this term gives a correction to jl which is inverse in the temperature. Numerically one 




(3.17) 



9 



obtains p,{x » 1) ~ 1 — (0.41/x), in the particle statistics formulation whereas employing 
the "simple" interpolating function the asymptotic correction is fi S i mp ie(x » 1) ~ 1 — (1/x) 
and via the "standard" interpolating function one obtains jl standard^ >> 1) ~ 1 — (l/2x 2 ). 
In general, for the n— family of interpolating functions the asymptotic correction is given by 
jl n (x » 1) « 1 — (l/nx n ). 



C. Bosonic extension 



The above relationship ( 13.1 8p between the two dimensional specific heat and jl in the 
MOND equation was obtained for fermions, however in two dimensions the specific heat for 
an ideal gas of Fermi particles is identical to the specific heat of an ideal Bose gas for all T 
and N. Thus in general the acceleration ao is related to the temperature To which divides 
the classical from the quantum regime. The physical meaning of (ao/a) is obtained by the 
connection to thermodynamics in which (T/To) 1 / 2 is the ratio of the mean interparticle 
separation to the thermal wavelength [211 ]. 

Since the typical temperature scale, T , separating the classical from the quantum regime 
is identified with the MOND acceleration scale ao, our result applies both to Fermi as well 
as Bose excitations of the holographic screen. The result for bosons is expressed in terms of 
T , instead of in terms of E F . It should be realized that the temperature scale T does not 
correspond to a critical temperature associated with a phase transition; quite the opposite is 
true. The reason the fermionic and bosonic two-dimensional specific heat can be identical, 
is the fact that there is no Bose condensation in two dimensions. 

Eq. (I3.18P is valid for the low temperature limit, and was obtained for fermions; to verify 
it for bosons we first consider the case of a two dimensional bosonic gas composing the 
holographic screen, and comparing it to our previous results we obtain their equivalence to 
the fermionic results. We start with the general expression for the two dimensional specific 



heat, both for fermions and for bosons, 



22] 



C v (y ) = - i !r 1 + y0 - 2TaLi 2 (-y ) (3.19) 
To y 

where N par is the total number of particles, a is a constant defined as o = gAm/Airh 2 and yo 
is defined through the relationship N par = To log(l + y§) which holds for fermions as well as 
for bosons. Since, y§ — > oo when T — > 0, we obtain from Eq. (13. 1 7j) in the low temperature 
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limit where Li 2 (—yo) ~ — [7r 2 /6 + log 2 (y )/2] the expression 

T 2 = (3.20) 

(TO 

To compare this with our previous results we insert the fermionic expression a = (Np ar /2Ep) 
and obtain Eq. (13. 6p , through which the fermionic result in Eq. ( 13 . 1 0[) is also obtained. From 
Eq. (I3.18p . taking the low temperature limit Cy/N = (bTa/N), we obtain via Eqs. (12.11 
13. lip the required MOND low acceleration limit, 

fl(x«l)=x, (3.21) 

where x = (a/a ). It should be noted that the leading order corrections to (13.211) are 
exponentially small in x. 

IV. COSMOLOGICAL IMPLICATIONS 

Having obtained MOND through a quantum statistical mechanical view we proceed to 
review MOND's cosmological implications through similar considerations. It should be noted 
that the key equations defining the connections between the MOND acceleration scale ao 
and cosmological scales were all previously obtained. The purpose of this section is mainly 
to reinterpret previous results in terms of a quantum statistical mechanical view. 

The relationship between the MOND acceleration scale cto and the Hubble constant 

^*cH , (4.1) 

was obtained in observations. It turns out employing the quantum statistical mechanical 
description the above relation has a simple quantum mechanical interpretation as a cosmo- 
logical energy time uncertainty relation, AEAt « h. ao relates through the Unruh formula, 
Eq. (12. ip . to the energy dividing quantum and classical regimes, thus relating to an en- 
ergy uncertainty AE ~ (hao/2irc). The inverse of the Hubble constant relates to a time 
uncertainty At ~ ^-/H , and combing both we obtain a cosmological quantum uncertainty 
relation Eq. ffl~Tj) . 



The second cosmological relationship related 



the square root of the cosmological constant [12 



;o MOND is the connection between ao and 
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where oa = a/A/3. Astronomical observations indicate we live in an accelerating universe 
9I, i.e., one defined by a positive cosmological constant A > 0. In a cosmological constant 



dominatec 
tained in 



universe a connection between the cosmological constant and Oq had been ob- 



12] and recently reviewed in |24|. We briefly review its derivation and use our 
statistical mechanical interpretation of MOND to explain the connection. The net tempera- 
ture measured by a non-inertial observer with acceleration, a, in a de Sitter universe is given 

by y, 



T= (^a 2 + a A -a A )/2vr, (4.3) 
which is simply an acceleration analog of the background reference temperature arising due 



to the universe's acceleration. In 



24j it was shown by considering the 



imit a << a\ that 



one obtains Eq. (14. 2\i . Similar considerations were also presented in [151 ] . The relationship 
(14. 2 p has the same physical interpretation in a quantum statistical mechanical description 
of excitations on the holographic screen. However in the quantum statistical description 
there is a natural connection between ao as the Fermi energy or its bosonic analog to the 
background reference temperature or energy with respect to which the excitations defined 
via a non-inertial Unruh temperature are measured. 

Through the expression for the background reference temperature (14.31) Milgrom obtained 
an expression for the MOND interpolating function, jl 12] ]. 

jl = [1 + (2x)- 2 ] 1/2 - (2x) _1 . (4.4) 

It is interesting to note that the asymptotic expansion for large x for the above interpolating 
function f)4.4l) is ft(x » 1) ~ 1 — l/2x which is very close to the asymptotic expansion 
via the quantum statistical approach £i(x » 1) ~ 1 — (0.41/x), whereas the latter was 
obtained for the dynamics due to a given mass M. However, the asymptotic expansion 
for small x of the interpolating function (l4.4p has corrections of the order of 0(x 3 ) to the 
leading x term whereas for the quantum statistical approach we obtained corrections which 
are exponentially small in 1/x, i.e., 0(exp [— 1/a;]). Unfortunately these differences are 
extremely small on all relevant scales and thus are almost impossible to discriminate with 
current astronomical observations. 
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V. SUMMARY 



In summary, a quantum-mechanical microscopic description has been found to lead to 
MOND. Through this approach the physics of MOND has been shown to arise from the 
possibility of creating excitations on the holographic screen; more specifically for low tem- 
peratures it was directly related to the specific heat of fermionic or bosonic excitations of 
the holographic screen. The MOND acceleration term, ao, was first shown to correspond 
to the Fermi energy of excitations on the holographic screen; later it was shown to apply 
also to bosonic excitations, thus corresponding more generally to a temperature scale T , 
separating the classical from the quantum regime. A general expression for the MOND 
interpolating function was obtained and its physical meaning was shown to be related to 
the relative number of thermal excitations on the holographic screen, which in turn can 
be related to the temperature integral of the specific heat or directly to the specific heat 
for low temperatures. Moreover the interpolation function was calculated numerically and 
compared with leading phenomenological interpolating functions. The calculated quantum 
statistics based interpolation function seems to fit well with the best estimated phenomeno- 
logical MOND interpolation functions. It is thus important to stress that the quantum 
mechanical microscopic basis approach is not only a physical basis for MOND; it is a physi- 
cal theory with observable predictions. Even though the interpolating function arising from 
the theory seems to agree with the leading phenomenological functions, there still are some 
differences in high-order corrections. Whereas corrections to the linear leading order term 
in the phenomenological interpolating functions, in the deep MOND regime, i.e. small a/a Q , 
are polynomial in a/a in the quantum mechanical microscopic description these corrections 
are exponentially small in ao/a, i.e., 0(exp [— 1/x]). 

On the cosmological scale the relationship between a and the Hubble constant was 
shown to be related to an energy time uncertainty and ao was shown to correspond to the 
background reference Unruh temperature arising from the universe's acceleration. 

E. P. would like to thank I. Gurwich for discussions. 
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1 2 3 4 5 6 

a/a Q 

FIG. 1: Comparison of jl as obtained by the statistical mechanical considerations (full line) to 
two of the leading MOND interpolating functions: the "standard" (dot-dashed line) fl(x >> 1) = 
x/y/l + x 2 and the "simple" (dotted line) Jm{x » 1) = x/(l + x) interpolating functions. 
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